We present a revised theoretical study of the affine assumption applied to semiflexible networks. Drawing on simple models of semiflexible worm-like chains we derive an expression for the probability distribution of crosslink separations valid at all separations. This accounts for both entropic and mechanical filament stretching. From this we obtain the free energy density of such networks explicitly as a function of applied strain. We are therefore able to calculate the elastic moduli of such networks for any imposed strain or stress. We find that accounting for the distribution of cross-link separations destroys the simple scaling of modulus with stress that is well known in single chains, and that such scaling is sensitive to the mechanical stretch modulus of individual filaments. We compare this model to three experimental data sets, for networks of different types of filaments, and find that a properly treated affine model can successfully account for the data. We find that for networks of stiffer filaments, such as F-actin, to fit data we require a much smaller effective persistence length than usually assumed to be characteristic of this filament type. We propose that such an effectively reduced rigidity of filaments might be a consequence of network formation.
I. INTRODUCTION
Networks of crosslinked or branched semiflexible filaments are found in many biologically relevant systems. These include the networks of filaments such as F-actin, intermediate filaments and microtubules that make up the cytoskeleton of cells, as well as networks of collagen and fibrin found in the extracellular matrix. Looking broader, similar semiflexible/rigid networks are formed by segments of DNA [1] , by aggregated amyloid fibrils [2] , self-assembled peptide nanotubes [3] and by carbon nanotubes, on their own or dispersed in polymer matrix [4] . Semiflexible networks of cytoskeleton have interesting and unusual elastic properties that are thought to be crucial to the way in which cells move, function and respond to their surroundings [5, 6, 7] . In particular, such networks tend to be stiffer than conventional polymer networks such as rubber, and show a dramatic stiffening over modest strains that is absent in conventional elastomers [8, 9, 10, 11] .
This novel behavior is a consequence of the semiflexible nature of filaments that make up the network. Such filaments are much stiffer than conventional polymer chains with persistence lengths l p ranging from hundreds of nanometers to tens of microns [12, 13] . The persistence length is of a similar magnitude to other lengths in the system namely the total filament length L and the characteristic length between crosslinks or branch points l c . As a consequence the filaments cannot be modeled as flexible chains (l c ≫ l p ), nor as rigid rods (l p ≫ l c ), instead they are termed semiflexible because l c ∼ l p . It is this interplay of three different length scales that distinguishes the elastic behavior of biopolymer networks from rubbers where there is only one relevant length scale in the problem: the span between crosslinking points.
There have been various theoretical ideas put forward to explain the elasticity of these semiflexible networks FIG. 1: A schematic illustration of the three relevant length scales in semiflexible networks. Because all three lengths are of a similar scale, some very interesting elastic behavior results. [8, 9, 14, 15, 16] . In general these can be split into two classes. Models where the elasticity is explained in terms of the entropic stretching of individual filaments between crosslinks [8, 9, 14] and models where the elasticity is explained in terms of a transition from an enthalpic bending-dominated regime to an entropic stretching dominated regime [15, 16] . One of the main distinctions between the two approaches is that for models considering only entropic stretching of filaments it is assumed that any deformation applied to the system is homogeneous down to the length scale of crosslinks, that is, the deformation field is affine [8] . For models relying on dynamic bending of filaments, the deformation must necessarily be non-affine [15, 17] .
Recent experiments have claimed that the strain stiffening of such networks is satisfactorily explained in terms of the affine entropic stretching model [8, 9] . In particular Storm et al. [8] concluded that an affine model that accounts for the possible mechanical stretching of filaments is able to explain the elastic response of isotropic fibrogen gels. This is in a curious contrast with Gardel et al. [9] , who reported that the elasticity of crosslinked Factin filaments at various concentrations is explained in terms of entropic effects only, accounting for no mechanical stretching. In this paper we aim to investigate these ideas more closely by comparing an affine model prediction for the shear modulus of semiflexible networks to experimental data of both Storm et al. [8] (performed on the more flexible fibrogen networks) and also to the data of Gardel et al. [9] (performed on the more rigid F-actin networks). We also extend our model to the the case of uniaxial stretching, and compare it with the invivo results of Fernandez et al. [18] who measured the stress-stiffening of entire cells under uniaxial strains.
We develop a simple affine model that accounts for both entropic elasticity and the direct mechanical stretching of filaments in a similar way to Storm et al. [8] . This is achieved by calculating the probability distribution for the separations of crosslinks based on expressions obtained for semiflexible worm-like chain models [19, 20] , which we extend to be valid at all extensions. Our model is therefore able to calculate the free energy density of the network explicitly and therefore we obtain any desired shear (or Young) modulus at a given imposed strain. We find that such a model does indeed explain the stiffening of more flexible biopolymer gels (such as fibrogen) rather well. This is in agreement with the model of Storm et al. [8] . We also find that the same affine model is able to explain the stress stiffening of crosslinked networks of the stiffer filaments F-actin [9] . However, we find that if one properly accounts for the initial distribution of crosslink separations and orientations in the network, there is no longer a universal scaling of modulus with stress for the network as claimed in [9] . Moreover we find that the form of the modulus-stress relation becomes sensitive to the mechanical stretch modulus of the individual filaments. We also note a curious feature, that to achieve an agreement with the F-actin data we have to assume that the effective persistence length of the filaments in the network is much smaller than one usually finds in the literature. In discussing this problem, we find that similar effect is known in various other systems, such as amyloid fibril networks, where many authors report a high persistence length on the basis of image analysis of curvature of filaments deposited on a substrate surface [21] , while the few studies of bulk networks of these fibrils [2] give very much shorter persistence lengths. We propose that such a reduced persistence length might be a consequence of the filaments being quenched into a network.
II. QUENCHED NETWORKS
The quantities of interest in this paper are the equilibrium elastic moduli of a crosslinked (or branched) semiflexible polymer network. Any such equilibrium thermodynamic property is always expressible as a derivative of the free energy of the system, and so the task is really to be able to calculate the free energy of a crosslinked semiflexible network as a function of arbitrary imposed strain. The remainder of this section is devoted to this task. Let us initially consider a single section of a filament that connects two crosslink nodes. We will refer to such filament sections as "strands". Each strand in the network is identified by the label α. The arc length of filament that makes up a strand is denoted by l c and is assumed to be the same for all α (this is obviously a crude approximation, which however is expected to hold well in a large system with a relatively high crosslinking density). The displacement vector that connects the ends of a strand is denoted by R α . For the remainder of this paper we will refer to the separation vector as the dimensionless vector r = R/l c . These variables are shown in Fig. 2 The vectors r α will not all be the same, but will follow some distribution which is a characteristic of the filaments making up the strands. In general, we will label this normalized probability distribution by P (r α ) -we delay finding an adequate physical expression for P (r α ) until the next section. Given P (r α ), the free energy of the network as a function of strain can be calculated in the following way:
Firstly, we note that the crosslinks are quenched. That is, the time needed for a strand to explore different conformations is much smaller than the time needed for the crosslinks to break and re-form. This separation of timescales means that one can perform equilibrium statistical mechanics over conformations while assuming that the topology of the network remains quenched in place -a classical procedure of quenched averaging employed in theories of rubber elasticity [22, 23, 24, 25] .
Secondly, we assume that the strands of the network do not interact apart from at crosslinks (i.e. they are not entangled on their own). This approximation is also well known from rubber elasticity and we expect it to hold for open-mesh semiflexible networks provided l c /l p 1. This is due to the fact that at such length scales the strands behave very rigidly and therefore have less opportunity to explore the surrounding space, and hence we expect excluded volume effects to be negligible. Each strand α will have a free energy of:
If one now deforms the whole network by some strain tensor Λ, the separation vectors r α will individually trans-form to a new separation r ′ α which will depend in some way on the imposed deformation:
where λ α (Λ) is the strain tensor describing the transformation of the αth strand. In general the strain tensor λ α will be a function both of the applied strain Λ and of which strand we are considering, α -that is, the deformation does not in general have to be affine. As long as the topology of the network is conserved under the deformation, the free energy of the network can be expressed as the free energy of each strand in the new strained state F (λ α r α ) summed over the same strand labels α:
We now make the assumption that the deformation field is affine. That is to say, that the strain tensors acting on each individual strand is the same as the bulk λ α = Λ. We do not attempt to justify this assumption, but rather will examine the validity of it when comparing the results of this model to experimental results. With this affine assumption the free energy density of a quenched network undergoing affine deformation can be written as the integral:
where n is the number density of strands. Provided one can obtain an expression for the probability of separation vector r occurring, one can calculate the free energy density of the network using the above integral. The next section deals with the details of implementing this calculation: in particular in finding an appropriate expression for P (r).
III. THE MODEL
This section will be concerned with developing an expression for the probability distribution of semiflexible separation vectors P (r) that can be used in Eq.4 to calculate the free energy density of the network. The main difficulty is that although there are a number of expressions that have been proposed for the form of P (r) [19, 20, 26, 27] , all are calculated for inextensible chains and therefore have an essential zero at |r| = 1.
If one invokes the affine assumption however, some chains will inevitably be stretched beyond the limit |r| = 1. One therefore needs a probability distribution that accounts for the finite probability of the strand being in a mechanically stretched state -where the contour length of the strand has increased beyond l c by means of stretching of bonds along the filament backbone. The work of Kierfeld et. al. [28] provides an analysis of single filaments that accounts for the possible mechanical stretching, however they succeed only in providing extension-force relations for such filaments in different force regimes, whereas we require the full probability distribution. We achieve this in the following way:
We again examine a single strand that is at its equilibrium separation. When the separation of the strand ends r is at its equilibrium, we expect there to be no backbone stretching. The probability distribution is determined only by entropic effects of the semiflexible filament. In this regime P (r) is accurately described by distributions obtained in [19, 20] , e.g.:
where the parameter a = l c /l p and is a measure of the flexibility of the filaments and r = |r|. As one stretches the strand from this equilibrium separation, the entropic returning force of the strand increases and it becomes increasingly difficult to stretch. The effective modulus of this entropic elasticity µ e is given by:
This is a function of extension r and diverges like (1 − r) 3 in agreement with [29] . At some value of extension, which we will label r 1 , the entropic stretching modulus µ e (r) will exceed the mechanical stretching modulus of the strand µ m (related to the Young modulus of the filament), µ e (r 1 , a) = µ m . This defines r 1 in terms of µ m and a. We shall use a simple model for the cross-over from entropic stretching to mechanical stretching, which states that below r 1 the response of the chain is purely entropic, while above r 1 it is purely mechanical:
Note we assume that the Young modulus of the filament remains constant with strain. In reality it would decrease with strain until eventual rupture of the filament, however we do not deal with such terminal effects in this paper. From these expressions for the stretch modulus of an individual strand, we can obtain an expression for the free energy of the strand as a function of separation r by integrating twice:
where A and B are constants that are determined by requiring that the free energy and its first derivative with respect to separation are continuous across the boundary at r 1 . Given this free energy we can obtain an expression for the probability distribution for the chain that is valid for all separations r using the usual definition:
where β = 1/k B T and
We remind the reader that the separation is a vector, and therefore integration must be performed over all orientations as well as the length of r. Plots of P (r) for various values of the parameters a and µ m are shown in Fig. 3(a) and (b). The advantage of our approach is now clear; we have a relatively simple expression for the probability distribution of strand separation vectors that is valid for all separations, from which we can calculate any thermodynamic property related to a single strand. With the probability distribution defined, we can proceed to calculate the free energy density of the network as a function of applied strain via Eq.4. This is implemented as follows:
Firstly we must find the initial minimum of the free energy as this is the equilibrium point where the network starts before being strained. As observed in [8] , this will not in general occur at zero strain. Instead we must allow for the possibility that the network undergoes an initial spherically symmetric bulk volume change (an effect analogous to syneresis in ordinary gels). That is, we allow for the possibility that all strand separations undergo the transformation |r| → b|r|, where b is a constant close to one. Only a spherically symmetric deformation is allowed since by symmetry it is the only spontaneous deformation possible in an isotropic network. We must therefore find the minimum of the integral
with respect to b. We solve this numerically. As pointed out in [8] , b is not an extra parameter in the problem, but is completely determined by a and µ m . For networks considered in this paper, all values of b are less than one; the network therefore shrinks initially after crosslinking, which is a well-known effect of reducing the conformational freedom of filaments on establishing quenched crosslinks. Once the minimum of the free energy has been found, we calculate the free energy density as a function of strain using Eq.4. We do this for two deformation geometries: shear and uniaxial extension. These are implemented as follows:
The experiments [8, 9] impose a simple volumeconserving shear deformation on the networks. Transformation of the separation vector components (x, y, z) under simple shear depends on a single parameter γ:
Transforming to spherical polar coordinates we can write the norm of the transformed separation r ′ in terms of the original separation r, the angles parameterizing the orientation of a strand (θ, φ) (defined in the usual way with respect to the polar axis z) and the applied shear γ:
The integral to be evaluated is therefore:
This integral is an expression for the free energy of a semiflexible network that has undergone affine deformation at any shear strain γ. The integral is performed easily in Mathematica. There is sometimes a confusion in the literature about which quantity to call the "elastic modulus" when the deformation is not infinitesimal. Two different definitions are possible: the shear modulus G and the differential shear modulus K of the network that has been subject to a simple shear of magnitude γ in the xz plane are easily obtained from the free energy density by using the following relations [30] :
.
B. Uniaxial extension
There are a number of experiments that impose uniaxial compression or extension on the cytoskeleton, in vitro [10] or in actual living cells [18] . To compare this affine model to such experiments we must calculate the modulus in this geometry. Assuming this deformation is volume conserving, the affine transformation of the separation vector is:
As before, expressing this in spherical polar coordinates, the norm of the separation vector transforms as:
Following the same arguments as in the case of simple shear, the free energy density of a network that has been subject to affine uniaxial volume conserving strain is therefore:
where we have picked up a factor of 2π from the blank integration over φ. Given this elastic free energy density, the Young modulus Y and differential Young modulus E of the network are given by:
C. Scaling of moduli
For both shear and uniaxial-extension geometries, we can examine how the stiffness of semiflexible networks scales with model parameters. Of particular interest is how the linear modulus of the network (at infinitesimal deformations) scales with the parameter a = l c /l p , and how the non-linear modulus scales with applied prestress. For the affine model considered in this work we find that the linear shear modulus G 0 and the linear extension modulus Y 0 have a scaling with a of the form:
Naturally, both linear moduli are independent of µ m at infinitesimal strains, and they are related by a factor of 3 as indeed required in an incompressible linear elasticity [30] . The scaling of a −2 is how the "modulus" of single filament scales for large strains. The contribution of the form (4 − a)
2 comes from the quenched averaging. Once we quench the network with cross-links, we allow a bulk spherically symmetric transformation of all separation vectors, to minimize the quenched free energy. This contribution accounts for the (4 − a) 2 dependence. Note that for small a = l c /l p (very rigid filaments), the scaling is approximately inverse square.
It has been claimed that for models considering the simple affine entropic stretching of constituent strands, the scaling of the modulus K with stress σ should follow a simple power law K(σ) ∼ σ 3/2 [9] . We find that this reasoning is, however, only valid if one considers a single chain. If instead one properly treats the orientational averaging over the distribution of separation vectors, such universal scaling is lost. We illustrate this effect in Figs. 4 and 5 by plotting the stiffness of a single filament as a function of tension, for various values of the stretch modulus µ m at fixed a. In Fig. 4 , we plot the "modulus" of a single chain ∂τ /∂x, where τ is the tension on the filament. As expected, at high τ the filaments show a power law scaling ∼ τ 3/2 : it is indeed true that for a worm-like chain model of a single semi-flexible filament, the modulus scales like the tension to the power 1.5 for large extensions, exactly as argued in [9] and [31] . However, if we have a crosslinked network with a collection of filaments with a corresponding distribution of separation vectors P (r), this result changes. In Fig. 5 we plot the "modulus" ∂ τ P /∂λ as a function of "stress" τ P for different value of µ m , where .. P refers to averages over the probability distribution of separation vectors. We find that no such universal scaling exists -the functional dependence is no longer a simple power law. In particular, the initial non-linear exponent can be made greater than 3/2 provided µ m is large enough.
IV. RESULTS
We now compare the results of the model presented above with a series of experiments. Firstly we examine the data of Storm et al. [8] , who measure the simple shear modulus G of branched fibrogen networks as a function of applied strain at various fibrogen concentrations. The data of [8] is taken over a wide range of strains (up to ∼ 100%) and allows the model to be tested well into the regime of non-linear elasticity, up to the point of network rupture. It does not, however, provide a good opportunity to examine the behavior of such networks at low strains (≤ 5%) because the first data point already occurs at 5% strain.
Secondly we compare the predictions of our affine model to the data of Gardel et al. [9] , who examine the differential modulus K of crosslinked actin networks, as a function of applied prestress at various concentrations of actin monomer, while keeping the ratio of monomer concentration to crosslinker concentration constant. This enables us to examine more closely how well an affine model compares to experimental results in stiffer networks at smaller strains.
We also compare our model to the experimental results of Fernandez et al. [18] who measure the uniaxial stiffness of entire living cells as a function of pre-stress. They find that the uniaxial stiffness exhibits a universal scaling with applied pre-stress, which we find is consistent with cells, whose stiffness is determined by an actin 
cytoskeleton.
A. Comparing to data of Storm et. al.
Before we compare our model to experiment we must choose how we are to fit to data. The model we formulated in Eq.4 has three parameters: n (the number density of strands in the network), a (the ratio of the length of the strand to the filament persistence length l c /l p ) and µ m (the mechanical stretching modulus of the filaments). However, the number density of strands n and the value of a are not independent. They are related in the following way: Let us say that we have a filament of total length L. Crosslinks or branching points are spaced by an average length l c along the filament backbone. Assuming l c ≪ L, the number of strands m on a single filament is: m ≈ L/l c . This does not account for dangling ends, but in a densely cross-lined network this becomes irrelevant as m and m − 2 would differ by a small fraction. These lengths are shown in Fig. 6 .
The total number of such filaments in our system must approximately be N = L tot /L where L tot is the total length of all filaments in the system. This total length of all filaments can be written as the total mass of filament monomer, M , divided by the mass per unit length of filament, ρ. So the number density of filaments is c m /Lρ, where c m is the mass density of monomers, c m = M/V . Therefore the total number density of strands in the system is:
Since c m , l p and ρ are independently measured experimentally, the value of n is determined directly by the value of a. In examining experimental data, we will fit a and n independently, and then use the above relation as a check on consistency of the fits. We propose that if the fitted parameters a and n are consistent, then the value of nal p ρ/c m should be close to unity. The parameter µ m is defined above as the energy scale associated with a fractional increase in filament length. We can obtain an estimate of the value of µ m for a strand by realizing that the energy of a filament with a Young modulus E f and cross-sectional area A that has been stretched from a length l c to l is: (Table IV A) , although fails to capture the concave nature of the curves at high strains, thought to be due to filament rupture. (b) The same fit as in shown on a Linear-linear scale.
Comparing to the original expression for µ m we see:
An estimate for the mechanical stretching modulus can therefore be obtained, provided one knows the Young modulus of the filament and the approximate radius of the filament. In comparing our model to the data of Storm et al. we fix the value of µ m to be 5000k B T a. We do this because the Young modulus of the filaments should be the same at all concentrations. This is consistent with the measured diameter of 10nm for fibrogen filaments and a Young modulus of ∼ 1MPa, which has been measured experimentally for fibrin [32] . In that case, only one truly independent fitting parameter remains (the stiffness ratio a) and thus the test is rather stringent. The resulting fits are shown in Fig. 7 (a) and (b), and the fitted values of a are given in Table. (IV A). Note that the check of consistency for the fitted values all fall close to the estimate value of 1. We believe this shows that the affine assumption is valid for the above kinds of networks. [8] . These fit values have been obtained using the persistence length lp of 0.5µm (reported in [8] ), and a mass per unit length for fibrogen ρ of 2.4 × 10 −14 kg/m [8] .
B. Comparing to the data of Gardel et al.
To compare the affine model proposed here to the data of Gardel et al. [9] , we use a slightly altered method to that described above. We do this for the following reason: Gardel et al. perform measurements of differential shear modulus K on scruin-crosslinked F-actin filaments. They measure both the number concentration of actin monomer in the system n A as well as the number concentration of scruin crosslinker in the system n s . They then measure the differential shear modulus as a function of pre-stress for four values of n A while keeping the ratio ν = n s /n A = 0.03 constant. Recalling Eq.21 we have a relationship between the number density of strands in our system n and the contour length of the strands l c : n = c m /l c ρ, where c m is the mass concentration of monomer and ρ is the mass per unit length for F-actin filaments. If such strands are formed at crosslinks, and each crosslink has an average coordination of z (we shall assume z = 4 here), then the number density of strands n is related to the number density of cross-links n xl via n = n xl z/2. Therefore knowing n xl from experiment, we have an estimate for l c via:
where in the second term we have expressed l c in terms of the mass of a single actin monomer m A (taken to be 42kD [33, 34] ) and the ratio of crosslinker concentration to monomer concentration ν = n s /n A which was kept at a constant value of 0.03 in these experiments. In the final term we have evaluated the contour length of a strand for the experimental values of [9] and ρ = 2.6 × 10 −14 kg/m [34] . Note that this predicts that l c is only dependent on the ratio of crosslinker to actin monomer ν = n s /n A and so is constant for the different data sets of Gardel et al. This is what we should expect: if strands are only formed at crosslinks as we suppose, then doubling both the number of crosslinks and the number of monomers should not result in a change of l c . This is in contrast with the argument offered in [9] , where the authors propose that l c is proportional to the entanglement length (in turn, correctly estimated in [35] ) at a fixed ν.
Having an estimate for l c we now estimate the value cm(mg/ Fig. 8 (a) we see that such model parameters produce K(σ) curves that drastically fail to agree with experimental data.
of the mechanical stretching modulus µ m from the expression µ m = E f Al c , where E f is the Young modulus of F-actin filaments and A their effective cross-sectional area. We can estimate the value of µ m for such filaments from the value for E f A = 5×10 −8 N measured for F-actin in [36] . This yields µ m = 6 × 10 5 k B T . Since the value of l p is constant for the data sets, the value of µ m must also be constant. If we now take a value for the persistence length of actin of 10µm which is most frequently quoted in the literature [12, 37, 38] , we then have estimates for the three parameters of our model (n, µ m , a) taken directly from experimentally measured quantities. These are shown in Table II .
The predicted curves of differential modulus against applied pre-stress for the parameter values in Table II are shown in Fig. 8 (a) along with the plots of the original data. It is clear such parameter values give very poor fits to data predicting an unstrained modulus K(0) that is out three orders of magnitude.
We would like to point out that in order to get a good fit to experimental data it is not simply a case of rescaling the number density of filament strands in the network n. Indeed doing so gives curves that fail to predict the onset of stress stiffening by over an order of magnitude. Remarkably however, we do find that the affine model can provide very good fits to the data of [9] as shown in Fig. 8 (b) , for the different set of fitting parameters in Table. III. There are a few interesting points to note. We have fixed the value of both µ m and l c for such fits as we have estimates for both, based on experimentally measurable quantities. We then perform a two-parameter fit by varying l p and n. Good fits can only be achieved with this affine model by using a value for the ratio a = l c /l p , that is two orders of magnitude larger than would be expected from the simple arguments given abovethat is, a value of l p = 0.022µm. As before, we check the consistency of the values for n by calculating nl c ρ/c m which should be close to unity -and indeed we find values that are reasonably consistent. Note we do observe a scaling resembling K(σ) ∼ σ 3/2 , in agreement with the statement in [9] . However, we find that such scaling is not universal for such networks but depends strongly on the values of a = l c /l p and µ m . It is in fact because of the particular fitted values of a and µ m , that we observe a scaling like K(σ) ∼ σ 3/2 . In short, we find that assuming the persistence length of F-actin filaments in these networks is ∼ 10µm results in the affine model failing severely and predicting that the networks would be far stiffer than is actually measured. More importantly, there is no easy way out of this disagreement because experimental data have several key features that are all linked. However, we find the affine model of filament network can be reconciled with experiment, and produce very good agreement provided we assume that the F-actin filaments behave as if they are far more flexible than is usually quoted -with a persistence length of ∼ 0.02µm. Interestingly such behavior has actually been reported experimentally in networks of actin filaments, who report values of the persistence length as low as 0.5µm [33, 39] which, although still much larger than the value needed by the affine model, shows that the persistence length of filaments embedded in networks can be far less than what is most frequently reported for single actin filaments. It is, of course, also possible that the in-vitro simple shear experimental geometry at large pre-stress underestimates the actual modulus, so that l p closer to 0.5µm would actually be acceptable. [9] shown in Fig. 8 (b) . It is a two-parameter fit for the values of n and a. Fitted values are obtained assuming the contour length of lc = 0.044µm and a mass per unit length for F-actin ρ = 2.6 × 10 −14 kg/m. The fitted persistence length is therefore 0.022µm. Provided we take the persistence length to be so small, we achieve good fits to data with reasonably consistent values for n.
C. Comparing to the results of Fernandez et. al.
To highlight the fact that this model might well be of biological significance, we compare its predictions with the data of Fernandez et al. [18] who measure the uniaxial stiffness E of entire cells as a function of applied pre-stress. They have found that the stiffness of a cell follows a simple master equation:
which is to say, a collapse of the modulus stress curves is achieved by rescaling the modulus axis by E 0 , and rescaling the stress axis by σ c . The model presented here provides a possible explanation for this behavior. The non-linear behavior is a consequence of chains being initially entropically and then subsequently mechanically stretched. The scaling behavior of E(σ) is a function of our key parameters a and µ m , that is, it depends on the transition from entropic stretching to mechanical stretching. We fit this data by for a value of a = 0.5 and µ m = 5 × 10 6 k B T , with the result shown in Fig.  9 . The value of the fitted parameter βµ m = 5 × 10 6 is consistent with filaments with Young modulus E f ∼ 10 9 Pa, diameters of d ∼ 5nm and lengths l c ∼ 0.5µm. These values are all consistent with an actin network. This suggests that the stiffness of such cells could be determined by the actin cytoskeleton network, with strand lengths of ∼ 0.5µm and persistence lengths of ∼ 1µm (note that this is also much smaller than the 'accepted' values of l p ∼ 10µm).
V. CONCLUSIONS
In this work we have shown that the equilibrium shear modulus of branched fibrogen networks and crosslinked F-actin networks as a function of applied strain is satisfactorily explained by an affine model that accounts for mechanical as well as entropic stretching. In the case   FIG. 9 : Fit of the model to the collapsed data of Fernandez et. al. [18] . A very good fit to data can be achieved by the parameters a = 0.5 and βµm = 5 × 10 6 . These values are consistent with an actin network.
of fibrogen networks we find the affine model fits the data remarkably well with fit parameters which are both consistent with each other and with experimental measurements on individual fibrogen fibers. In the case of F-actin networks we find that the model predicts the observed stress stiffening behavior accurately provided we allow the effective persistence length of the filaments in the network to be more flexible than is expected. That is to say, an affine model agrees with the data well and has reasonably consistent fit parameters provided the effective persistence length of filaments in the network is taken to be l p ∼ 0.02µm. This is far lower than the observed persistence length of individual F-actin filaments reported in individual measurements [11, 37] , but a reduced persistence length (l p ∼ 0.5 µm) has been reported experimentally in some F-actin networks [33, 39] , and also arises from the fitting of the in-vivo data of Fernandez et al. [18] . This suggests to us that an affine model does rather well at explaining the elasticity of branched or crosslinked semi-flexible filaments because in such networks the filaments behave far more flexibly than expected on the basis of measurements of filament curvature, when they are adsorbed on a substrate (note that the few measurements which measure l p with quasi-elastic light scattering of filaments in networks often report much shorter l p [33, 39] ). Because the length of filament strands, l c , is actually of a similar order or even greater than the effective persistence length of the filaments, treating the strands as independent is a reasonable approximation -as it is for rubber -where one does indeed expect the affine model to work well. For more rigid networks that are composed of filaments where the effective persistence length is smaller than the contour length of strands, l p ≫ l c , we would expect the affine assumption not to be valid, and models incorporating non-affine deformations may well need to be considered [15, 17, 40] . However, it appears that in-vitro actin networks extensively studied in the recent years are not in this regime.
We also find that properly accounting for the distribution of cross-link separation vectors has a profound effect on the scaling of the modulus of the network with stress. Averaging over the distribution of initial separation vectors means we do not see a universal scaling of the modulus with stress of the form K(σ) ∼ σ 3/2 as predicted by [9] , but rather a functional dependence that is not a power law, and whose form depends on the values of a = l c /l p and µ m for filaments in the network. The fact that such a scaling is non-universal, but depends on chain parameters, can be used to explain why different scaling regimes are observed in different networks. Although Gardel et. al. [9] observe scaling like K(σ) ∼ σ 3/2 , experiments on dendritic actin [10] have observed a scaling like E(σ) ∼ σ 0.3 , while experiments on entire cells [18] have observed a scaling like E(σ) ∼ σ. We have shown that an affine model is able to capture the different scaling behaviors observed by accounting for the mechanical stretching of filaments. This could be of biological significance, as the non-linear behavior of the modulus will in general depend on the parameters of the constituent filaments. This suggests that one can tailor the form of the non-linear behavior of such networks by tuning the filament parameters a = l c /l p and µ m = E f Al c . That is, the form of the non-linear modulus as a function of stress K(σ) can be drastically altered by changing l c .
